
Problem Set 1, String Phenomenology September 22, 2008

Please hand in solutions to Marcus by Fri, Sep 26. Updates on www.physto.se/∼mberg/minicourse.

1 Math Warmup: ϑ and E2n

a) We want to find an object a(ν, τ) that depends on two complex variables ν and τ and that satisfies
the “line bundle relations”

a(ν + 1, τ) = a(ν, τ) (1)
a(ν + τ, τ) = e−2πiν−πiτa(ν, τ) (2)

Make the sum ansatz

a(ν, τ) =
∞∑

n=−∞
cnz

n (z = e2πiν) (3)

and calculate cn in terms of q = e2πiτ . You’ll see that a is the Jacobi ϑ3 function. How do you
need to modify the line bundle relations to get ϑ1, ϑ2 or ϑ4?

b) If E2n(τ) is the normalized Eisenstein series for fixed n > 1,

E2n(τ) = 1 + bn

∞∑
k=1

σ2n−1(k)qk (4)

where bn = (2πi)2n/((2n− 1)! ζ(2n)), and σ2n(k) is the divisor function

σ2n(k) =
∑
d|k

d2n (5)

(i.e. d divides k), compute the integral over the positive real line∫ ∞
0

d` `s−1(E2n(i`)− 1) . (6)

What happens if you take n→ 1+?

2 Extracting effective actions from the string S-matrix

a) Calculate the following chunk of an S-matrix element of two open string vectors:

ξ1
µp

1
νξ

2
σp

2
ρ : ψν(w1)ψµ(w1) :: ψσ(w2)ψρ(w2) : (7)

where piµ is the spacetime momentum of external state i = 1, 2 and ξiµ is the polarization vector of
external state i = 1, 2, in terms of the fermion one-loop Green’s function Gα,βF discussed in class:

ψµ(w1)ψν(w2) = ηµνGα,βF (w1 − w2) (8)

and show that the combination of p’s and ξ’s is reproduced by linearizing the off-diagonal kinetic
term for two nonabelian gauge fields Aµ1 and Aµ2 ,

Leff =
1

2g2
ηµρηνσtrFµν1 F ρσ2 . (9)

b) Does it matter that the gauge fields are nonabelian?

c) Explain physically why there are no terms like p1 · ξ1.
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