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1 Global anomaly

Global anomalies are not harmful. The measured decay π0 → 2γ proceeds through an anomaly,
Schwarz (30.11), and the Feynman diagram calculation gives the width (lifetime = ~/Γ, cf. p.105):
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= 7.77 eV (experiment: 7.73 ± 0.16 eV)

This process is nice for many reasons: there is a direct measurement of something that can be approx-
imated by a relatively short calculation, and it is one of the few low-energy processes that it sensitive
to the number of colors of quarks. So as Schwarz discusses, if there had not been three colors, the
prediction would have been 1/3 of this, which is clearly ruled out with the given experimental pre-
cision!

Srednicki writes that “such a low-energy process seems like a dusty relic to most of today’s students”,
but it keeps being relevant. For example it has been used more recently as a sledgehammer to attack
new approaches to quantum field theory; see “conceptual questions” below.

Another reason pion physics is instructive is in the recent work on alternative theories of gravity!
In QCD, the pion π0 is a Goldstone boson, generated by spontaneous symmetry breaking of a sym-
metry that QCD has when the quarks are taken to be massless (chiral symmetry). It is easier to work
with scalars than the longitudinal components of massive gauge bosons, or of gravitons. In fact in
recent work, π is the common notation for the longitudinal component of the graviton – if it had a
mass. Experiments like LIGO constrain this mass, but to constrain it you have to first compute with
it [18]. (Some of the recent developments were made in Stockholm!)

2 Gauge anomaly

I find Harvey’s 2005 lectures very nice. His statement what a gauge anomaly is is fairly standard, but
particularly compact: “gauge symmetries are not symmetries in the conventional sense of symmetries that
act on the configuration space and lead to identical physics. Rather, they are redundancies in our description
of the physics when we work in the space of gauge fields rather than its quotient by gauge transformations.
Anomalies in a redundancy would not be a good thing. More concretely, when we work in the space of gauge
field configurations, we need gauge invariance to remove negative norm states from the spectrum and a lack of
gauge invariance due to anomalies would lead to fundamental inconsistencies.” [1]

One way to check for this is to take a loop diagram with external gauge bosons, and put one of
the external polarizations longitudinal. This means the opposite of transverse, which is pµeµ = 0, so
longitudinal means eµ ∝ pµ. Photons with that kind of polarization are the “negative-norm states”
Harvey is talking about: the Hilbert-space norm is negative for timelike polarizations.

It is instructive to think about this for general integer dimension D. This is nicely described on
p.148 of Green-Schwarz-Witten’s string theory book1: you can insert a chiral projector PL (in D = 4,
PL = 1

2(1 ± γ5)) to implement a specific chirality of fermions running in the loop. If your Feyn-
man diagram gives at least D gamma matrices, the γ5 from the projector will give a D-dimensional
ε tensor, that contracts into momenta pi and polarizations ei, where i = 1, . . . , n for an n-point corre-
lation function. Because ε is totally antisymmetric, all pµi and eµi must be different to get something
nonzero. You might think that therefore you need at least an n = D/2-point correlation function to
get a nonzero contraction. But only n−1 momenta are independent due to momentum conservation,

1You might wonder why you need a string theory book to discuss field theory anomalies. Of course you don’t, but most
field theory books don’t discuss general dimension D in any detail. There are a few exceptions, like Peskin & Schroeder
occasionally venture out into general D, in fact Michael Peskin did some work in string theory and even wrote some nice
lectures on the topic [8].
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so actually you need one more, i.e. at least an n = D/2 + 1-point function. So for D = 4 we have
n ≥ 3 (triangle anomaly), for D = 6 we have n ≥ 4 (box anomaly) and for D = 10 we have n ≥ 6
(hexagon anomaly). Higher-point functions can also be anomalous, for example by embedding the
aforementioned diagrams as subdiagrams. These are the possibilities at lowest multiplicity (n, the
number of external legs): (picture from [15])

So to check for an anomaly, we take one of these vector polarizations eµi , say eµ1 , and set it equal
to pµ1 to make it longitudinal, and see if the amplitude vanishes. The above argument shows that if
you don’t have enough external legs (n < D/2 + 1) it will vanish anyway, but the vanishing for low
number of external legs is trivial and does not tell you anything about the anomaly.

Another point that is particularly clear from going to general dimensionality is that D = 4k =
4, 8, 12, . . . is quite different from D = 4k + 2 = 2, 6, 10, . . .. For D = 4k + 2, the antiparticle of a left-
handed particle is left-handed, so although in D = 4 it was possible to have different gauge group
representations for left- and right-handed fermions, in D = 10 it is possible to have no right-handed
fermions at all and still have no gauge anomaly (in contrast with Schwarz 30.2.4). There is now the
possibility of a gravitational anomaly (see below). Again, this is nicely described in GSW, now p. 145.

3 Chiral anomaly

As discussed above, in four dimensions, a triangle diagram with a loop of chiral fermions can cause
an gauge anomaly. In dimensional regularization this is somewhat tricky; following ’t Hooft and Velt-
man, we have to assign some (reasonable, but at first ad-hoc-looking) rules about traces of gamma
matrices. (Some more detail is given in Collins [19], but I’m not sure it really helps.) I will instead fol-
low Schwarz section 30.2 and do this calculation using a formal argument about linear divergences.
I will need this identity [5]

tr(γµγνγργσγ5) = −4iεµνρσ

which is discussed e.g. on the Wikipedia page for gamma matrices. (It’s good exercise to check this
kind of identity, for example, if you didn’t have the γ5, can you see quickly that you wouldn’t get
εµνρσ?) The result of the triangle loop diagram is basically

∂µJ
5µ ∝ Fµν(∗F )µν (3.1)

where (∗F ) is the Hodge dual of F . This means that the axial current J5µ = ψ̄γ5γµψ is not conserved
in the presence of certain gauge fields.

As a side remark, by “certain gauge fields”, I meant that this does not affect all possible configu-
rations of gauge fields. In particular, obviously the left-hand side is a total derivative of something,
so the integral over all of space of the right-hand side vanishes unless there is some kind of boundary
term. Perhaps surprisingly there often is a boundary term, I’ll come back to this. (To be clear, I’m not
saying it’s OK if the theory has some problem only on some configurations of gauge fields, I’m just
saying you may not notice for some configurations. The theory should be ideally be meaningful for
all possible configurations of gauge fields, and more to the point, all such configurations should be
included in the functional integral, as in Schwarz 30.3.)
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4 Gauge vs. Chiral anomaly

So we will find an anomaly in the axial current J5µ, i.e. the axial current is not conserved. Even
though sometimes the terms are used interchangeably, anomalous nonconservation of a chiral cur-
rent does not automatically produce a gauge anomaly, i.e. production of longitudinal gauge bosons,
in particular if there is no coupling J5µAµ in the Lagrangian! Indeed, in QED there is no such term,
so in principle, the gauge boson Aµ won’t notice that ∂µJ5µ 6= 0. But in the Standard Model there are
Weyl fermions, and writing the above projector PL there is such a term, from the γ5 piece.

A nonconserved current cannot be consistently coupled to gauge bosons; there would be produc-
tion of longitudinal polarization and loss of unitarity. There is a nice discussion in Schwarz 29.2 of
loss of unitarity in WZ scattering already around 1 TeV without a Higgs boson. Note that this is
more subtle than the situaton in QED: the photon is massless and doesn’t have a third polarization
component so producing such a component is clearly unphysical (in general, producing particles that
are not on the menu of particles to begin with typically violates unitarity). But W and Z are massive
and do have a physical longitudinal polarization, so there loss of unitarity is a little more subtle: a
known bound on how quickly the amplitude can grow with energy is violated, the partial wave bound
or the related Froissart bound [17].

To connect to pion decay above, a chiral anomaly could also produce a global anomaly without
producing a gauge anomaly, so this is another example of the disconnection of the two concepts.

5 Functional integral

Fujikawa’s functional integral calculation of the chiral anomaly is very nice, but it is well explained
both in Schwarz 30.3 and in Peskin & Schroeder 19.2 and many other places, so there is no need to for
me to repeat it. Just to give a little bit of flavor, a key identity for the gauge-covariant Dirac operator
is Schwarz (10.106): /

D2 = D2
µ +

e

2
Fµνσ

µν

where σµν = i
2 [γµ, γν ], which produces Fµν(∗F )µν very elegantly. This idea is developed in general

in Peskin & Schroeder and later in Schwarz, and most powerfully by DeWitt [16]. Conceptually, with
a functional integral it is easy to state how a symmetry of the classical Lagrangian becomes violated
in the quantum theory: the measure of the functional integral is not invariant.

This could be a good place to at least mention the Witten anomaly [20], which is not the same
anomaly as what I’ve been discussing so far. I will not have much to say about it.

6 Gravitational anomaly

In some sense this is an anomaly in diffeomorphism (general coordinate) invariance. This requires
viewing gravity as a gauge theory, which takes a little bit more thinking than for ordinary gauge
theory2. The way to understand it is to introduce Cartan’s repère mobile (moving frame) from 19373,
or vielbein in German (“multi-leg”, so for D = 4 it’s called “vierbein”, “four-leg”, not related to the
polarization eµi above): we “factorize” the metric into two frame parts with a new index a that is
summed over:

gµν = eaµe
a
ν = (eµ)Teν

where in the last equation I introduced vector notation for the a index. The point is that there is a new
redundancy which is much like a gauge redundancy: the frame eaµ can be rotated by a local Lorentz
transformation at each point and still give the same metric: (Λeµ)TΛeν = eµΛTΛeν = (eµ)Teν . Using
frame fields, the anomaly is checked for the same way as above: take a graviton amplitude and put
polarizations on some leg longitudinal: eµν1 = pµ1p

ν
j for any j.

2The Becker-Becker-Schwarz string theory book has a nice review of this in Chapter 5.4.
3Hermann Weyl wrote in 1938 that “I found the book, like most of Cartan’s papers, hard reading” [6].
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The classic paper on gravitational anomalies is Alvarez-Gaume and Wit-
ten [2]. It contained a no-go theorem: in general dimension, it is very difficult
to find anomaly-free Yang-Mills theories. In 1984, Green-Schwarz mecha-
nism was discovered. In D = 4, an anomaly from the triangle diagram in
the figure can be cancelled by exchange of the axion field αI in the lower dia-
gram (figure from [3]). This leads to a “generalized symmetry”, where gauge
transformations of the axion field cancel those of the gauge field, which was
realized by Stückelberg before Higgs: (Aµ−m∂µα)2 is a gauge invariant mass
term for the gauge field, where the axion supplies the extra polarization (is
“eaten” by Aµ).

This is typical of “string-inspired” quantum field theories. A field theorist would find the can-
cellation above weird: you have to include a coupling g in the Aµ∂µα coefficient to be able to cancel
a tree-level diagram against a loop diagram. But this follows from the low-energy limit of a single
string diagram (Polchinski, Ch.7). So although it’s a strange-looking field theory, it can be tested
experimentally like any other field theory. The new gauge boson is called the “Z ′ (Z-prime) boson”,
and search strategies have been proposed, e.g. in [3]. It hasn’t been discovered, but if it were, I like
many people would call this evidence for extended objects, although it’s clearly not a “proof”.

This argument can also be turned around: you can “discover” a Green-Schwarz 2-form by “fol-
lowing the anomaly” [22].

7 Anomalies in the worldline formalism

As Schwarz writes: it was crucial for Schwinger to develop a gauge-invariant proper-time formalism
to solve the seeming gauge dependence of earlier calculations of π0 → 2γ.

It’s not a coincidence that a book that is entirely about anomalies [9] is almost entirely expressed
in the worldline formalism. See conceptual questions below.

8 Anomalies in string theory: p-forms and submanifolds

In string theory there are basically two new ingredients: new gravitational-like fields (p-index anti-
symmetric tensors), and submanifolds embedded in higher dimensions (e.g. Dirichlet-branes, where
open strings end). Antisymmetric tensors and embedded submanifolds can both studied in field
theory, but some connections only become evident in string theory. For example, the descent method
(discussed nicely in Harvey) makes it natural to express a D-dimensional anomaly in terms of a
differential form of rank D + 2.4 This is useful because the original anomaly can be written as the
exterior derivative of some D+1-form (again, this is differential form language), and then there is an
issue about gauge invariance, which is resolved by going up one more step in rank to represent it. It
is surprising that a D + 2-form should be relevant, since it cannot even be defined in D dimensions!
Again, this is discussed in Becker-Becker-Schwarz. Harvey points out that the potentially anoma-
lous groups (SU(N) for N ≥ 3, SO(4N + 2) and E6) all have nonvanishing fifth homotopy group
π5(G) 6= 0, so there is some interesting topology here; this is also discussed in Weinberg Vol.2.

With submanifolds, one might want to argue (like e.g. Uranga does) that not only the D dimen-
sional theory should be non-anomalous, but also every probe of dimensionality d < D that can be
inserted into the theory should have a non-anomalous d-dimensional theory on its world-surface.
This leads to so-called “K-theory constraints”. In field theory it is not so clear why one should re-
quire this (if there are only point particles, who cares if a membrane theory is anomalous?) but in
string theory there are dualities that relate theories with objects of various dimensionalities, so we

4Differential forms are nicely explained e.g. in Polchinski’s or Naharaka’s books, or on Wikipedia. Incidentally, the
descent method is also discussed on the Wikipedia page for “Gauge anomaly”, but currently I don’t find that page very
useful.
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would not want an anomalous theory to show up when pursuing a relation from a non-anomalous
theory.

This also means that anomalies on various submanifolds can “communicate”. This is called
anomaly inflow, i.e. a higher-dimensional anomaly can “leak into” a submanifold and cancel its anomaly.
One simple model that Harvey nicely discusses in his 2005 review (section 4.1) where some of these
points can be introduced is axion electrodynamics, which is QED coupled to an additional pseudoscalar
Φ (the axion),

ΦFµνF̃
µν .

Notice that even though the FF̃ term is a total derivative by itself, the above term is not a total deriva-
tive; the derivative from partial integration hits Φ(x). A related topic is the Freed-Witten anomaly,
related to the above-mentioned Witten anomaly.

9 Anomalies in mathematics: index theorems

A big generalization of both the Chern-Gauss-Bonnet theorem and the Riemann-Roch theorem is the
Atyiah-Singer index theorem [4] from the 1960s, that captures all these things and expresses them nicely
in terms of characteristic classes (see e.g. [1] section 3.6):

ind
/
D =

∫
ch(F )Â(R) (9.1)

I won’t attempt to explain this beautiful formula here, but the basics are contained in the Becker-
Becker-Schwarz chapter mentioned above, and it is nicely explained in more detail in the mathemat-
ical physics book by Nakahara [21], Ch. 11 onward. Instead, here’s a cartoon by Robbert Dijkgraaf
that shows the development from 1968 (top two panels) to 1998 (bottom two panels) [7] where this
formula appears:

10 Some conceptual questions

Here are some questions that I had myself at some point. They may not be very illuminating to you.
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Question: Why did we need to compute with three gauge bosons just to see that the single current J5µ is
not conserved? (I gave the counting n ≥ D/2 + 1 above so technically that is “why”, but is there a
conceptual reason for this, and is there another way to compute it?)

Answer: Feynman diagrams in the usual sense are not optimized for this kind of calculation. In
Peskin & Schroeder, they insist on first computing it two other ways to make this point clearer. In
section 33 in Schwarz, he uses the worldline formalism to compute the one-point function of a single
current in a gauge field background A:

〈A|∂µJ5µ|A〉 = − α

2π
FµνF̃

µν .

This is conceptually the best way to understand the anomaly in my opinion; the extra gauge bosons
in the Feynman diagram are just a perturbative representation of this background gauge field.

Question: Why did we worry at all whether QED has a chiral anomaly, it only comes from massless chiral
fermions, and the electron isn’t massless? (Well, the end result is that QED doesn’t have a chiral anomaly!
But the question is, why did we even worry about that? It’s the same for all other fermions in the
Standard Model: it seems like there are no massless fermions in nature.)

But for high-energy processes, the electron mass is completely negligible. From this point of view,
anomaly freedom could perhaps be thought of as a technical trick to be able to work without masses
even if the actual theory with mass is anomaly-free. But it’s deeper than that: all fermion masses in
the Standard Model come from the Higgs mechanism, and the theory before spontaneous symmetry
breaking should make sense, so it should better not be anomalous. In other words, we are right to
worry about anomalies!

In fact not even all massless fermions can be anomalous even in principle: “only massless particles
for which no mass term is allowed that is consistent with the potentially anomalous symmetry can contribute
to the anomaly”. Otherwise, we could use Pauli-Villars (add fictitious heavy particle) and renormalize
while preserving the symmetry, at least if it is not broken by masses.

Question: Since there are no chiral anomalies at all in odd dimensions, couldn’t the deeper explanation for
anomaly freedom just be that the world is five-dimensional? Or eleven-dimensional?

Well, yes, many people have thought about this. But for example string theory seems to have a
preference for D = 10, and ten is even worse than four, since there can be gravitational anomalies
that you cannot have in D = 4. There is the idea that string theory descends from a theory in D = 11
called M-theory and there is a lot of discussion about this, perhaps this does help explain something.
But in M-theory there are lower-dimensional objects of dimension 2 and 5, so it’s not for free there
either.

By the way, while thinking about higher dimensions, I find this connection useful: a gauge
anomaly in 2k dimensions is related to a chiral anomaly in 2k + 2 dimensions. So a gauge anomaly
in D = 4 is related to a chiral anomaly in D = 6 ([1] section 3).

Question: I have a great idea how to quantize without producing anomalies! How do I check it?
The “π0 → 2γ sledgehammer” is that the above width Γ is well-measured, so if your nice new

theory has the great feature that it automatically gets rid of anomalies, it will predict Γ = 0, which is
ruled out. 5
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