
String theory, quarks, black holes, and the Big Bang.
(And materials science, and relativistic fluid dynamics?)

Marcus Berg, April 22, 2021

1 A few basic concepts of string theory

The original framework of string theory is a set of methods that allow the calculation of scattering
amplitudes of relativistic quantum strings (one-dimensional objects) using the quantum field theory
on the worldsheet, the 1+1 dimensional surface swept out by a one-dimensional object in spacetime.
The splitting or joining of strings is the only possible string interaction, and this is captured by the
global topology of the worldsheet, not local interactions at a specific spacetime point like in quantum
field theory. Thus many different Feynman diagrams, such as these three 4-point correlators at 1-loop
order (from the classic book by Green-Schwarz-Witten):

correspond to different limits of a single 1-loop diagram in string theory. (To see this, remember
that “topologists work with rubber”: you can stretch each of the lower three figures into each other,
but the three Feynman diagrams above remain distinct.) Sometimes this is described by saying that
string theory “smears out” the interactions of quantum field theory, and that this solves some of the
divergence problems.1

The probability amplitude for the splitting and joining of strings is controlled by a single dimen-
sionless coupling, called gs. This number has of course not been measured, so it could equally well
be 0.01, 1, or 100. However, unlike couplings in the Standard Model, gs is not a “free parameter”, it
is given by the expectation value of a quantum field in the theory, the dilaton Φ, as 〈eΦ〉 = gs. (The
dilaton field is the quantum field that comes from a the simplest oscillation mode of a closed quan-
tum string.) This is somewhat like in the Higgs mechanism, where e.g. the mass of the electron is
determined by spontaneous electroweak symmetry breaking that gives an expectation value to the
Higgs field. But in the Standard Model, the free parameters are just shifted to the Yukawa couplings
of the Higgs to matter, whereas in string theory the Yukawa couplings themselves should in prin-
ciple be computable without any free continuous parameters as input, if we could only compute
expectation values like 〈eΦ〉, by minimizing some (itself calculable) potential energy function. Since
2003 [24] there has been progress on this in string theory. In any case, it is an intriguing just to try to
understand the conceptual idea that there could exist a fundamental theory without free parameters.

Finally, and perhaps most famously, string theory is a contender for a consistent theory of quan-
tum gravity. (I say “contender”, since string theory is very much a work in progress.) Typical ques-
tions in quantum gravity are:

• all three forces in the Standard Model of particle physics are described by particles, that are
the elementary quanta of the corresponding quantum fields Aµ, W±µ , Zµ and Aaµ. What about

1If you listened during your quantum field theory course, you should be alerted when someone calls “divergences”
a “problem”. A better way to say it is: string theory alleviates the sensitivity of quantum field theory to unknown high-
energy physics, which is the “hierarchy problem” of quantum field theories with scalar fields. But also this statement has
subtleties: the “decoupling theorem” says that quantum field theory at low energy is in a certain sense independent of
quantum field theory at high energy. If this is true, then what sensitivity is string theory supposed to alleviate? For now,
these are all details, let’s allow for a “divergence problem”, for sure it would be nice not to have divergences!

1



the graviton, the hypothetical quantum hµν of the gravitational field? In particular, how do we
compute loop amplitudes involving gravitons and make sense of them? [23]

• Black holes exist. Theoretical arguments assign them a computable macroscopic entropy S. So
just like for an ideal gas in introductory statistical physics, what are the quantum states you
count to get this entropy [22]? Are they at the event horizon or inside?

• And finally, what about the universe, was it smaller than an atom at some point? (“Inflation
era”.) If so, shouldn’t quantum mechanics somehow modify Einstein’s equations? [25]

2 Weak coupling

Since gs can be anything, it seems reasonable to study the simplest case of weak coupling first
gs � 1.2 With weak coupling, quantum-mechanical probability amplitudes for various processes,
usually scattering processes, can be calculated as perturbation series (iterative Taylor expansion) in
the coupling gs:

+gs +g2
s + . . .

quantumz }| {
(semi-)classical
z }| {
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where the arrows mean taking the limit when the energy of scattering is much smaller than the
energy required to excite string oscillations. The string can then not be “resolved” and appears as
a point particle. This perturbation series strategy is the same as that used for calculating Feynman
diagrams in quantum field theory, but the methods are quite different in detail: in string theory, one
calculates using the quantum field theory on the worldsheet of the string shown above, that dictates
the amplitudes of string scattering processes in spacetime.3

Exercise 1: Compute the first two Feynman diagrams in a quantum field theory of scalar fields, from
Green’s functions. If you are interested, there is a separate file “String warmup” where I give hints.

Denote the coordinate on the worldsheet by a complex number z. The string is described by a
map Xµ(z) into spacetime. From the point of view of the worldsheet, the index µ = 0, . . . , D − 1 is

2If you read the previous section carefully, you might already be worried: gs gives the probability of of string split-
ting/joining in perturbation theory, how could it be greater than 1 even in principle? Indeed the original framework of
string theory does not suffice to define the theory for strong coupling gs > 1, but let us first focus on weak coupling gs � 1.

3Incidentally, there is an alternative and very powerful way to reformulate the quantum field theory of particles in a
more string-like framework, this is called the “worldline formalism” and goes all the way back to Feynman. I discuss this
in my notes on string perturbation theory. One of the best examples is the calculation of nonlinear interactions of quantum
electrodynamics, which people at Chalmers hope to detect [19]. They are also interested in spinoffs in medical physics [20]
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just a numbering of D− 1 independent scalar fields, so let us focus on one of them, X . It satisfies the
Laplace equation

∇2X = 0 ⇔ ∂z̄∂zX = 0 (2.1)

so ∂zX is purely holomorphic: ∂z̄(∂zX) = 0, i.e. depends only on z and not z̄. However it may have
poles, so strictly speaking ∂zX is not holomorphic everywhere but only “meromorphic” (holomor-
phic except at poles, this excludes things like logarithms). In eq. (2.7.1) in Polchinski’s book, but
restricting to only one of the D−1 scalars, and leaving aside constants, he writes a general meromor-
phic function with some expansion coefficients αm

∂X(z) =
∞∑

m=−∞
αmz

−m−1 (2.2)

where we could have just written zm (the sum runs over all m, also negative) but the z−m−1 number-
ing turns out to be convenient. We find the solution of ∇2X = 0 by integrating this expression for
∂X and the analogous one for ∂z̄X with coefficients α̃m, which yields

X(z, z̄) = x− ip ln |z|2 + i
∑

m6=0

1

m

(
αmz

−m + α̃mz̄
−m) (2.3)

where p = α0 and x is the center of mass of the string, and I wrote X(z, z̄) to emphasize that X is
not meromorphic, but ∂X(z) is. There are two different ways to compute the quantum-mechanical
probability amplitude for scattering of strings: either we promote the αm to operators that don’t
commute, or we use the path integral approach (Appendix A in Polchinski’s book). The basic oscillator
approach uses step operators like the a† and a of the quantum harmonic oscillator. the αm operators
(one could write hats: α̂m, but I won’t) are grouped into raising (step) operators like a† for m < 0,
and lowering operators like a for m > 0. Imposing canonical commutation relations for X itself we
find a slightly different normalization than usual:

[αm, αn] = mδm,−n , [x, p] = i (2.4)

The strategy is now as in basic quantum mechanics: a product of operatorsO1O2 is “normal ordered”
N(O1O2) (often denoted by colons : O1O2 :) by moving all the raising operators to the left and all the
lowering operators to the right, so the expectation value of a normal ordered combination vanishes:
〈N(O1O2)〉 = 0. For the product of two string coordinate operators we find Polchinski (2.7.11):

X(z, z̄)X(z′, z̄′) = N(X(z, z̄)X(z′, z̄′))− ln |z|2 +
∑

m=1

1

m
(z′mz−m + z̄′mz̄−m) (2.5)

= N(X(z, z̄)X(z′, z̄′))− ln |z − z′|2 (2.6)

So we see that the Green’s function of the Laplace operator in the complex plane naturally arises
when we take the expectation value:

〈X(z, z̄)X(z′, z̄′)〉 = − ln |z − z′|2 (2.7)

The basic string state is a plane wave eipX . If we consider open strings then a Neumann boundary
condition implies α̃m = αm, and doing operator ordering calculations like the above and integrating
over the position z, we find that the scattering of two plane-wave string states into two such states
gives the famous Veneziano amplitude (or rather one piece of it, there are two more permutations):

B(−s− 1,−t− 1) =
Γ(−s− 1)Γ(−t− 1)

Γ(−s− t− 2)
(2.8)

where s = −(p1,in+p2,in)2, t = −(p1,in+p1,out)
2, andB(x, y) is the Euler beta function. This amplitude

has poles for example at s = −1, 0, 1, 2, . . ., and poles in an amplitude corresponds to the exchange
of particles, so string interactions are like interactions of an infinite number of particles.
Exercise 2: do the above calculation to obtain the Veneziano amplitude eq. (2.8) for the scattering of
two strings, and think more what it means. Again, see the “string warmup” document for hints.
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3 Relating strong and weak coupling

A surprising discovery in the 1990s was that of string dualities, that sometimes a string theory with
coupling gs can be reexpressed as another kind of string theory with the inverse coupling g̃s = 1/gs.
Obviously this would exchange strong coupling in the original theory (gs � 1) for weak coupling
(g̃s � 1) in the new (“dual”) theory. In other words, it would replace an unsolved problem with one
that has already been solved, to some extent. This development came in parallel with a similar devel-
opment in quantum field theory, perhaps the clearest example is Seiberg duality [4], that surprisingly
relates the number of colors of quarks and gluons to the number of flavors (up, down, strange, . . . ).
The motivation for studying duality in field theory is usually to solve the confinement problem, the
experimental fact that quarks and gluons cannot break out from protons and neutrons, but can only
exchange other particles that are color-less:

u

ūu

ū

Z

proton

proton

The weak-coupling theory used to describe quarks and gluons is called quantum chromodynamics
("color dynamics") or QCD. It is not known how to do analytical calculations directly in QCD at
strong coupling, but Seiberg duality is generally believed to be a step in this direction. To be clear,
most field theory duality results so far use simplified theories (“supersymmetric QCD”) as toy mod-
els for real QCD.

4 Dirichlet branes

As you have probably heard, string theory requires six extra dimensions of space. At weak string
coupling, the place where open strings end should have Neumann boundary conditions (free to
move) in the usual 3+1 dimensions, but we could allow a Dirichlet boundary condition (the string
end is stuck) in some of the other directions. The directions in which the string end can move are
collectively called a Dirichlet-boundary-conditon hypermembrane, or Dirichlet-brane or D-brane for
short.4, The name Dirichlet-brane was invented by Polchinski down the hall from my former office
in Texas (but 7 years before I arrived [2]). The topic of D-branes is one of the main examples of the
interplay between weak and strong coupling in string theory. One important realization was that
they are dynamical; if a gravitational wave (closed string) hits the D-brane, it oscillates [7].

In quantum-mechanical terms, gravitons that hit the D-brane excite quantum fields φ that are local-
ized on the D-brane and whose expectation values 〈φ〉 describe its transverse location. Conversely,
since D-branes respond to gravity, this means that if we place enough D-branes on top of each other,
they should be a source for a gravitational field (nontrivial metric, in the sense of Einstein’s general
relativity).

4If you haven’t you can already now skim through problems 1.6 and 1.7 in Polchinski’s book, and D-branes have their
own chapters: 8.7 (for just boson fields) and 13 (for boson & fermion fields). D-branes even have their own book [3].
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In the early 1990s, there was a problem in connecting string theory and the simplest higher-
dimensional gravity theories (theories with the highest amount of symmetry). Some very simple
solutions for the metric were found in the 1980s. So-called Ramond-Ramond fields or RR fields in
spacetime (generalized electromagnetic field strengths: instead of Fµν , they could be Fµνρστ , or F5

for short), that arise from worldsheet fermion fields, served as “matter” on the right-hand side of
Einstein’s equations in these solutions. But there was a puzzle how this could be possible in string
theory. The problem was that you measure the charge of how much a string couples to some quantum
field by the zero-momentum limit of a scattering amplitude, and the coupling of strings to RR fields
was known to be identically zero at weak coupling. So the existing candidate metric solutions seemed
impossible to relate to the strings themselves.

This problem was solved by Polchinski in 1995 [1], when he had moved from Texas to Santa Bar-
bara.5 He used spacetime field theory, not the worldsheet theory, to argue that if the D-brane was the
source of RR fields, it should carry the minimum quantum of RR charge nRR = 1. Mimicking a classic
calculation by Dirac about the relation of (hypothetical) magnetic monopoles and the quantization
of electric charge in units of e, Polchinski managed to calculate that in fact a D-brane carries one unit
of elementary RR charge, nRR = 1. (The day he did the calculation, he first got some other numbers
like nRR = 4 and nRR = 2, but after “chasing conventions” for a few hours, he finally realized that
in fact nRR = 1.) Then the simplest existing metric for a gravitational solution of string theory in
10 dimensions (eq. (14.8.1) in Polchinski’s book) was understood to be the gravitational field of N
D-branes:

ds2 = Z(r)−1/2ηµνdx
µdxν + Z(r)1/2dxmdxm (4.1)

Z(r) = 1 +
ρ7−p

r7−p r2 = xmxm (4.2)

where xµ are the directions along the D-brane (µ = 0, 1, 2, 3 for a “D3-brane”), xm are the direc-
tions transverse to the D-brane (m = 1, . . . , 6 for a “D3-brane”, so the total number of dimensions is
4+6=10), and ρ is a constant proportional to the number of D-branes N . The constant is found from
the source (Polchinski eq. 13.3.12): ∫

Sp+2

Fp+2 = µ6−p (4.3)

where Sp+2 is a p + 2-dimensional (hollow) sphere, µ is another constant proportional to N called
the “D-brane charge”, and Fp+2 is a p + 2 “differential form” that includes the integration measure,
for example F5 = Fµνρστdx

µdxνdxρdxσdxτ is the relevant one for a Dp-brane with p = 3 and charge
µ3. Exercise 3: show that the above is a solution of Einstein’s equation in 10 dimensions, and thereby
relate the constants µ, ρ and N . Again, see the “String warmup” for hints.

Right after Polchinski’s paper (but developed simultaneously), Witten explained [8] that the
charges of Yang-Mills fields, such as the eight “copies” of gluons in the Standard Model, can be thought
of as arising when several D-branes are moved on top of each other. If there are three D-branes that the
open string could end on (N = 3), then there should be eight copies of gluons, because there are
N2 = 3 · 3 = 9 combinations for the ends of a string with two ends, and the center-of-mass of the
whole “stack” of D-branes is a separate degree of freedom, so N2 − 1 = 8. In group theory in mathe-
matics, this corresponds to the statement that the adjoint representation of the special unitary group
SU(3) has 8 generators. For SU(2) this would be N2 − 1 = 3, the Pauli matrices σi corresponding to
the W± and Z fields, and for SU(3) gluons the 3 × 3 matrices are called the Gell-Mann matrices [9] 6.

5Some earlier ideas by Green were relevant and are credited in Polchinski’s paper.
6Actually, Murray Gell-Mann did not construct these matrices to describe colors of quarks but rather the approximate

symmetry of exchanging “flavors” of quarks: the then known three quarks u, d and s. These matrices were then “recycled”
as generators of the exact symmetry of quark color. By the way, there is nothing special about Gell-Mann’s particular
representation of the SU(3) generators, there are other more efficient ways to think about them, it is just that they were
historically the first to be used in physics. When I took quantum field theory from Philip Candelas (now the successor
of Roger Penrose to his chair in Oxford), he commented that when he was in graduate school in the 1970s, before the
acceptance of QCD, “SU(2) was physics but SU(3) was mathematics”.
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Finally, D-branes provide a “nonperturbative” way to define the string coupling gs, Polchinski
(13.3.21):

gs =
τF1

τD1
(4.4)

where τ means “tension”, “F1” means the regular string and “D1” means a D1-brane, also known as
a “D-string”.

5 The AdS/CFT duality

Now that it was understood in 1995 how to place D-branes on top of each other so they source
a gravitational field (nontrivial metric), the stage was set for Maldacena in 1997, when he wrote
the most cited paper in high-energy theory ever [10], more cited than the papers that founded the
Standard Model.7 There is a nice summary of this paper in a popular-level article [11].

Maldacena took a clever old argument by ’t Hooft [18] (who received the Nobel prize 1999, but
not for this) that if a quark had N colors where N > 3, there is a possibility to study strong coupling,
because even if the coupling g is strong (g � 1) then N might be taken big enough so that 1/N can
still be used as a series expansion parameter. This strategy is called the “large N expansion”. The
obvious problem with this idea is that in QCD, N = 3, and 1/3 is not particularly small.

As by Witten’s argument above, in string theory the number of D-branes on top of each other is
the number of colors of a quark, so it was natural for Maldacena to wonder what would happen if you
took the largeN limit of large numbers of D-branes. If you consider only r → 0 in eq. (4.1), the region
close to the D-brane8, the metric eq. (4.1) becomes (picking p = 3 for D3-branes so (7− p)/2 = 2):

ds2 → r2

ρ2
ηµνdx

µdxν +
ρ2

r2
dxmdxm (5.1)

=
r2

ρ2
ηµνdx

µdxν +
ρ2

r2
(dr2 + r2dΩ2

5) (5.2)

=
r2

ρ2

(
ηµνdx

µdxν +
ρ4

r4
dr2

)
+ ρ2dΩ2

5 (5.3)

where dΩ2
5 is the metric of a five-sphere, S5. The first part is the metric of a space with negative

constant curvature, called Anti-de-Sitter space, or AdS.
All the above follows from Polchinski’s and Witten’s original arguments of D-branes as the sources

of RR fields. What was less obvious before Maldacena’s paper was that if you now take the limit of
weak curvature of the AdS space, this corresponds to strong ’t Hooft coupling λ ≡ g2N � 1. For the
fields φ on the D-brane, this means that a strongly coupled quantum field theory is related to a string
theory in a weakly curved space, and there is a precise dictionary. For example, the 5-dimensional
graviton hab (where xa = xµ or r) couples to the entire stress-energy tensor Tµν of the theory on the
D-brane, which is at the boundary of AdS space; for a D3-brane, the boundary is 3+1-dimensional
and the AdS space is 5-dimensional:

L = hµνT
µν (5.4)

And in the point-particle limit of string theory (when the string length becomes negligible compared
to typical length scales of interest), the theory in weakly curved space reduces to Einstein’s general

7Of course, Maldacena was not the only person to work on the topics discussed in the following, for example there was
crucial related work around the same time by Klebanov, Witten and others. I also have to make the obvious statement that
numbers of citations are not directly comparable across decades.

8This is called the “near horizon limit”, terminology inherited from the Strominger-Vafa calculation of the entropy of a
black hole from 1996 [14]. To avoid confusion: the D-brane metric is not always a black hole event horizon, only for some
particular kinds of D-branes, for example a combination of of D1-branes and D5-branes. As ’t Hooft wrote for his Nobel
prize lecture in 1999: “Membranes of various dimensionalities were added, and now a door was opened for studying black holes in
string theory” [18]
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relativity. So one side of the duality is highly quantum-mechanical (Planck’s constant ~ is not neg-
ligible compared to typical energies × time-intervals), the other side of the duality is completely
classical: higher-dimensional general relativity coupled to some matter fields.9

In the simplest examples, the 3+1 spacetime quantum field theory is invariant under conformal
transformations, it is a conformal field theory or CFT. This gave rise to the abbreviation AdS/CFT: a
gravity theory in AdS space is “dual” to a conformal quantum field theory in flat space. Later gener-
alizations gave up the simplifying assumptions that led to the space being AdS and the theory being
conformal, but the name “non-AdS/non-CFT” (see e.g. [17, 15]) didn’t really stick, and all gener-
alizations are now typically also called AdS/CFT, or more generally holography, since the boundary
CFT acts a little bit (but not really very much like) a “hologram” of the bulk AdS theory.

Exercise 4: Consider a classical scalar field in AdS: (�−m2)φ = 0, with the “curved space box �”.
(How is this defined?) Assume as boundary condition φ(r, x) → r∆φ(x) for r → 0, find the indicial
equation and prove that m2 = ∆(d − ∆). This equation relates two important but apparently com-
pletely separate topics: the stability of scalar field fluctuations (“Breitenlohner-Freedman bound”)
and the requirement of conservation of probability in conformal field theory (“unitarity bound”).

6 Brane world

Around the same time as AdS/CFT, there was the important realization that since open strings are
stuck to the D-brane (up to quantum fluctuations φ of the size of a string), and since matter particles
like quarks are described by the string ends, the extra dimensions of string theory do not necessarily
need to be “curled up” (compactified) as it was assumed before, but we may simply be stuck on a
D-brane, and the extra dimensions could even be infinite without us having discovered them.

This approach is called a “brane world”, and it is now one of the most common constructions of the
Standard Model in string theory (see e.g. Zwiebach’s book). As drawn above, there could well be
other parts of the universe separated from us in the extra dimensions, which would help to explain
the dynamics of cosmological inflation (see for example the book [25], by one of my collaborators).
Exercise 5: Study the construction of the Standard Model of particle physics by D-branes (Zwiebach
ch. 15, or for a lot more detail, the book by Ibanez & Uranga).

7 Materials science?

After the attempts to apply AdS/CFT to QCD, which were partially successful, there were attempts
to apply it to condensed matter physics [28]. This is now a huge field with a book about it [29]. I
am not following most of this, but I’ll show this pretty picture by John McGreevy, for describing the
2+1-dimensional quantum Hall effect by a 3+1-dimension boson labelled “TI”:

9Dualities between quantum and classical systems are also known in condensed matter physics, see for example John
McGreevy’s entertaining lecture notes “Whence QFT?”
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There are two different ways of breaking T . The 1+1d do-

main wall between these on the surface supports a chiral

edge mode.

The periodicity in θ � θ + 2π for the fermion TI can be

understood from the ability to deposit an (intrinsically 2+1

dimensional) integer quantum Hall system on the surface.

This changes the integer n in the surface Hall response (3.3).

Following [24] we can argue that a non-fractionalized system

of bosons in 2+1d must have a Hall response which is an

even integer; therefore a 3+1d boson TI has a θ parameter

with period 4π.

Free fermion TIs exist and are a realization of this physics with

θ = π. The simplest short-distance completion of this model is a

single massive Dirac fermion:

S[A,ψ] =

�
d3xdtΨ̄

�
iγµDµ − m − m̃γ5

�
Ψ. M

E
lattice model

S[A,    ]!

S[A]

1/a

It is convenient to denote M ≡ m + im̃.

T : M → M�

so time reversal demands real M . Integrating out the massive Ψ produces an effective

action for the background gauge field (and M) of the form above:

log

�
[DΨ]eiS3+1[A,ψ] =

M

|M |

�
d4x

32π2
�abcdFabFcd + · · ·

The sign of M determines the theta angle.

An interface between the TI and vacuum is a domain wall

in M between a positive value and a negative value. Such a

domain wall hosts a 2+1d massless Dirac fermion [56]. (The

T -breaking perturbation is just its mass, and the chiral edge

mode in its mass domain wall has the same topology as the

chiral fermion zeromode in the core of a vortex [57].)

A further short-distance completion of this massive Dirac fermion (as in the figure)

comes from filling an integer number of bands with a nontrivial Chern-Simons invariant

of the Berry curvature [58, 59, 55].

With interactions and disorder other edge states are possible within the same bulk

phase, including gapped edge preserving T [60, 61, 62, 63, 64]. New approaches to the

edge physics of this system have appeared recently in [65, ?].

32

McGreevy writes: “I’m feeling a bit bad about how negative I’ve been about physical applications of holo-
graphic duality”. I think he’s only being fair. But, he emphasizes that the work of Hartnoll and Karch
[30] on transport theory in so-called strange metals [190] has been useful. It is interesting in itself how
indirectly it has been useful: “Before holography, many folks argued against an anomalous dimension for
the current operator, but holography makes this possibility clear (in retrospect), and it is a crucial ingredient
in their (otherwise completely non-holographic) story.” Perhaps more exciting than the quantum Hall ef-
fect and strange metals are superconductors. It might be worth watching Hartnoll’s Stanford video
lectures on superconductors from black holes in AdS/CFT [31].

8 The fluid/black hole correspondence

8.1 Current work

There are also ideas how to apply AdS/CFT to fluid dynamics [13]. General relativistic notation
allows us to compactly express some very complicated things, and general relativistic fluid dynamics
is no different; fundamentally, we begin with the very simple-looking equation

∇aT ab = 0 (8.1)

which says that the stress-energy tensor Tab is covariantly conserved.
There are a priori two kinds of viscosity, shear and bulk viscosity. To follow the AdS/CFT logic,

we assume that the fluid is invariant under conformal transformations, by the stress-energy tensor
being traceless (T aa = 0). This only allows one independent viscosity, the shear viscosity η, so this is a
huge restriction, but it might be useful. In addition, conformal symmetry in d dimensions completely
fixes the pressure, density and viscosity to

P = αT d , ρ = (d− 1)αT d , η = η′T d−1 (8.2)

where T is the temperature and α and η′ are dimensionless constants.
As a check, taking the nonrelativistic limit, and assuming also incompressible ∇ · v = 0, one

obtains the Navier-Stokes equations with the usual viscosity ν related to the shear viscosity η by

ν =
η

ρ0 + P0
(8.3)

where “0” subscript refers to the background values.
So far this was just a very restricted fluid system, where is the holography? As mentioned above,

a D-brane system can be arranged to describe a black hole. Making the construction slightly more
intricate, the AdS metric can be generalized to a black hole in AdS, the so-called Schwarzschild-AdS
metric:

ds2 = −r2f(r/T )dt2 +
1

r2f(r/T )
dr2 + r2dyidyi (8.4)

where f(r) = 1 − (4π/(rd))d. The trick is now to perform a boost on this metric, to obtain a moving
black hole. No exact solution is known for that system, but we can work it out perturbatively up to
n derivatives, that we count by a parameter εn. For the perturbed metric to solve Einstein’s equa-
tions, at each order in ε one obtains inhomogeneous linear differential equations. Now the somewhat

8



amazing discovery is that the solutions of these equations imply the equations of relativistic fluid dy-
namics. From this, various constraints are imposed on properties of the fluid, that could in principle
have been calculated without AdS/CFT, but seem too difficult.

Carrying out the AdS/CFT calculation is still lengthy, but made a little less painful by the “Weyl
formalism”, where you classify objects by their transformation under conformal transformations. In
the end, the entropy current and viscosity of a conformal fluid turn out to be given by the very simple
expressions

s =
1

4πGd+1
N

(
4πT

d

)d−1

, η =
1

16πGd+1
N

(
4πT

d

)d−1

(8.5)

where GN is Newton’s constant in the embedding AdS space. Combining these two equations, we
find an extremely simple but interesting dimensionless relation η/s = 1/4π between viscosity and
entropy. Some viscous relativistic physical systems come close to saturating this relation [5].

8.2 Future

As already mentioned, this kind of strategy can be used to discover new relations for particular kinds
of relativistic fluids. My collaborator Haack constructed (with his postdoc Yarom) a relation between
more general so-called transport coefficients, now known as the Haack-Yarom relation, which is sup-
posed to be satisfied by many different kinds of fluids:

2ητπ = 4λ1 + λ2 , (8.6)

where η is the shear viscosity as above, and the other constants characterize more general fluids. For
more information, consult the review. A recent paper on this topic is [16].

I should emphasize that fluid dynamics is not the “main” application of AdS/CFT. The main
application so far is a better understanding of aspects of quantum field theory, such as maximally
supersymmetric Yang-Mills theory, the “harmonic oscillator of interacting quantum field theories in
3+1 dimensions”. But as mentioned in the fluid mechanics review, the study of integrable models is
also closely tied to fluid mechanics and the problem of turbulence, though this connection has not
been used much yet. One example of a recent paper on turbulence of strings in AdS with some nice
plots is [21].
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